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The perturbed motion of a gyrostat, which is very similar to regular Euler precession, is analyzed. The perturbations considered 
include small displacements of the centre of gravity, the inclusion of rotors, and the loss of dynamic symmetry. Using the 
Kolmogomv-bol’d theory, the stability of conditionally pericxiic motion clc6e to regalar precessr .on is established. 43 1997 Elsevier 
Science Ltd. All rights reserved. 

Consider the perturbed motion of a gyrostat in a uniform gravitational field. The unperturbed motion is taken as 
Euler inertial rotation about a fixed point of a solid with dynamic axial symmetry (A = B). The perturbations are 
caused by symmetric rotors, displacements of the centre of gravity of the body about a tixed point, and the loss of 
dynamic axial symmetry. 

The analysis was carried out in canonical Poincare variables L, pl, p2, k, q, eb, which are associated with the 
canonical Andoyer-Deprit variables L, G, X, 1, g, !r by the relations [1] 

L=L, pl=L-G, p2=G-Ye, k=l+g+h, w,=-(g+h), ~=-h 

Then the Hamiltonian which describes the perturbed motion of the gyrostat will have the form 

Here E is a small parameter (A and B are the moments of inertia of the vtat), Ha is the unperturbed Hamiltonian 
(C is the axial moment of inertia), and the components of the perturbation function I&, Hz, H3 can be represented as 

H, = pl(pl -*‘) cos2(k+q) 
23 

2L))xsin(k+U,)+~(pl(pl -2L))xcos(k+~~)+~L 1 fl 

+l)sin(k+arz)+(bd -l)sin(A+*“t -mz)) 
I 

+ 

+p2 bcos(A+q)++((b4+l)cos(k+(02)+(b4-l)cos(k+2a, -re2)) 
I 

+ 

where rq, e, a3, are the direction cosines of the axis of dynamic symmetry of the rotor about the associated axes, 
Q is the relative angular velocity of the rotor (Q = const) and J is its moment of inertia. We have also used the 
notation 

b= (L-p, -p2)(p,(p2-*m~, b C(P2(*L-*Prp2))x 
, h= 

(L-P1 -P2)L 

U.-IQ2 L-PI (L-Pl)2 

b3 = (P1P2(P1- *L)(*L-2p1 -p2))‘, b4 - ’ 
(L-P,12 L-P1 

F.D=J, &E=XC, &e=Yc3 b3&=zc 
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(xc, y,-, zc are the coordinates of the centre of masses of the gyrostat). 
It is clear from (1) that the component EH, of the perturbation function describes perturbations caused by the 

loss of dynamic axial symmetry of the gyrostat, aHz the perturbations due to the presence of rotors, and a& the 
perturbations due to displacement of the centre of masses of the gyrostat relative to the fixed point. 

When e = 0 the general solution of the system of canonical equations has the form 

L = & = const, pl = pm = const, p2 = pm = const 

A= qt+v,, co, =n2f+v2, co2 =com =const 

whereni = -pi/A + L/C, n2 = (pi - L)/A are the frequencies of unperturbed motion, and vl and v2 are constants 
of integration. 

lb the perturbation function R = &(Hi + H2 + E&) we now apply the averaging operator Mb %[R] [2] with respect 
to the fast angular variables 1 and mi, after which the averaged Hamiltonian can be written in the form 

h (f% - 2L) + u3DLQ 

4B 
fj3mg,2 

c 

The corresponding canonical averaged equations have the form 

where 

Integrating system (2), we obtain 

E=&=const, X=(n,+Ni)r+v{; 6 =&o=const, 55, =(h+Nz)r+vi 

p2 = pm = const, 552 = N3r + v3 

(3) 

where 

(vi, 4, v3 are the constants of integration). 
It is clear from (3) that the averaged system (2) describes pseudo-regular precession. 
We can determine the type of motion of the gyrostat described by the complete system, rather than the averaged 

system of equations, by using Kolmogorov-Amol’d theorem [3]. According to this theorem, perturbed motion (that 
is, motion described by a system of which some terms can be omitted during averaging) is conditionally periodic 
if the unperturbed motion is not intrinsically degenerate, that is 

Computing the partial derivatives that appear in the Hessian, we obtain 

Thus if C(L + pi) (3L - pi) # 4L2A, inequality (4) holds, that is, the motion of the gyrostat described by the 
averaged system of equations carmot degenerate and thus, by the Kolmogorov-Amol’d theorem [3], it will be stable 
with respect to the quantities L, pl and ~2. This in turn implies that the perturbed motion described by the complete 
system of equations will be conditionally periodic for all r 2 fr,. 



The stability of the pseudo-regular precession of a gyrostat 695 

REFERENCES 
1. DEMIN, V G. and KONKINA, L. I., New hfehx& in he L$vwn~s ~~SohXs. Ilim, Frunze, 1989. 
2. GREBENIKOY Ye. A., lXe Method of Avemgiig in Ractical Problems. Nauka, Moscow, 1986. 
3. ARNOL’D, V I., Small denominators and problems of the stability of motion in &ssical and celestial mechanics. Uspekhi 

MU Nauk, 1%3,18,6,91-192. 

i7unskzted by R.L. 


